Abstract: The constitutive equation discussed in this note eliminates some defects of linear elasticity in the description of the small-strain behaviour of soils. It is capable of representing volume changes in pure shear and different values of bulk modulus in compression and expansion. The new equation provides a simple description of soil behaviour at small strains in that it produces linear stress-strain relations that can approximate the initial part of experimental stress-strain curves.
Introduction
Linear elasticity is not a good model for soils even at the small-strain level. Consider, for instance, identical isotropic soil samples subject to different stress paths in the triaxial cell. Although the beginning of each particular stress-strain curve can be approximated by a tangent line through the origin, experience shows that different pairs of elastic parameters (say, bulk and shear modulus) would be necessary to represent the small-strain response in the various stress paths. The simplest example of this fact occurs in the isotropic compression or expansion of a normally consolidated sample: the bulk modulus for a subsequent virgin loading is smaller than the bulk modulus for unloading. Another shortcoming of the linear elastic model is that it cannot predict volume changes in pure shear (e.g., volume increase in dense sands, volume decrease in loose sands) as well as values of Skempton's A parameter different from 1/3 in the undrained compression of a saturated soil (see, e.g., Lambe and Whitman 1979, for experimental results) .
This note presents a constitutive model for the small-strain behaviour of soils that, unlike linear elasticity, is able to predict the occurrence of volume changes in pure shear, the existence of different values of bulk modulus in isotropic compression and expansion and different values of Young's modulus and Poisson's ratio in axial compression and axial extension. On the other hand, like linear elasticity, the proposed model yields linear stress-strain relations in straight stress-paths and so provides a relatively simple approximate representation of the behaviour at small strains.
Throughout the text, we use the soil mechanics sign convention for stresses and strains (compressive stresses and strains are positive etc).
The new model
As a starting point, consider the isotropic linear elastic equation, as used in soil mechanics:
∆T, E and I are, respectively, the effective stress increment tensor, the strain tensor and the identity
is the first invariant of E, K is the bulk modulus and G is the shear modulus. Soils are always subject to initial effective stresses, whether in the field or in laboratory.
Eq. 1 thus yields the increment ∆T that should be added to the initial effective stress tensor to obtain the final effective stress tensor (applications of linear elasticity to soil mechanics problems is a classical subject; see, e.g., Terzaghi 1943; Davis and Selvadurai 1996) . Now the first term on the right-hand side of Eq. 1 will be replaced by a more general function of E to produce the new model. The resulting equation reads
where
The parameters C K (compression bulk modulus), E K (expansion bulk modulus) and G (shear modulus) are positive whereas ξ (dilatancy coefficient) may be negative, positive or null. Their physical meaning will become clear in the examples below. Note that, for 0 ) (
. Of course, Eq. 2 reduces to Eq. 1 if
and ξ=0.
In the next section the behaviour of the proposed equation will be investigated in typical situations (isotropic compression and expansion, pure shear, axial compression and extension, undrained axial
. Hence, the following equation holds:
in which )
. In any case, the volumetric strain is given by
Model behaviour in simple cases a. Isotropic compression and expansion
The response of Eq. 2 to an isotropic strain ( I E ε = ) is an isotropic stress increment (
). The relation between the volumetric strain ( ε = ε 3 v ) and σ depends on the sign of ε. It is
, the model predicts a different linear stress-strain relation in each case.
b. Pure shear
For a pure shear defined by the stress increment matrix
( 0 > τ ), Eq. 3 gives the following strain matrix:
Thus the shear strain γ is related to the shear stress τ through 
, which is negative, indicating volume increase (expansion). Therefore, unlike linear elasticity, the present model predicts volume changes in pure shear.
c. Axial compression and extension
Now the only non-zero stress increment component is, say,
). According to Eq. 3, the corresponding strain matrix is diagonal, with
In 
. Note that there are two different expressions to compute both C E and E E , each expression associated to an interval of values of ξ. In addition, Table 1 gives expressions for the volumetric strain and, in the last column, restrictions that must be imposed, if any, on the basic parameters in order that the values of Young's modulus and Poisson's ratio are positive, as expected on physical grounds.
The meaning of the symbols HC, LC, LE, HE appearing in the first column of Table 1will now be explained. They constitute a classification based on the value of the dilatancy coefficient that helps understand the behaviour of the material defined by Eq. 2 in regard to volume changes.
The symbols C and E stand for two main material classes related to volume changes in pure shear. 
